We discuss the solution of boundary value problems that arise after the separation of variables in the Schrödinger equation in oblate spheroidal coordinates. The specificity of these boundary value problems is that the singular points of the differential equation are outside the region in which the eigenfunctions are considered. This prevents the construction of eigenfunctions as a convergent series. To solve this problem, we generalize and apply the Jaffe transformation. We find the solution of the problem as trigonometric and power series in the particular case when the charge parameter is zero. Application of the obtained results to the spectral problem for the model of a quantum ring in the form of a potential well of a spheroidal shape is discussed with introducing a potential well of a finite depth.
Formulation of the problem
In works [1] [2] [3] [4] [5] various quantum potential models that allow separation of variables in the Schrödinger equation ∆Ψ + 2 (E − V ) Ψ = 0
in spheroidal coordinates were considered. Particular attention was drawn to the problems with separation of variables in oblate spheroidal coordinates due to the specificity of the emerging boundary value problems. The oblate spheroidal coordinates (ξ, η, ϕ) are related to Cartesian ones in the following way:
The intervals, where these variables are defined, are traditionally chosen in two different ways [6] : 
In this paper, we discuss the solution of the homogeneous boundary value problem:
where, the values of k and m are integer parameters, and k is the number of zeros of the eigenfunction X mk (ξ) on the interval (−∞, +∞). This problem first arose in work [1] in connection with the study of the discrete spectrum of the generalized quantum mechanical problem of two centers; therefore, a square integrability was additionally required:
The equation (5) is a Coulomb spheroidal equation on the imaginary axis z: ξ = Im z. It has three singular points: ξ 1 = +ı, ξ 2 = −ı and ξ 3 = ∞, where ξ 1 and ξ 2 are regular, and ξ 3 is irregular.
In the boundary value problem (5) -(6), due to the configuration of singular points and the domain of an eigenfunction, one faces a problem of the disk of convergence and, therefore, it is not possible to use the Jaffe transforms [6] for the representation of X mk (ξ) as a series. Below, we present a generalized Jaffe transformation, which includes the standard one as a particular case.
The generalized Jaffe transformation
We represent the eigenfunction in the following form:
where F mk (ξ) asymptotically behaves as
The basic idea of constructing a generalized Jaffe transformation is to map the singular points (5) to the unit circle
by using the substitution
Note that an additional singular point appears at infinity (Fig. 1 ). Figure 1 : Configuration of the range of the variable t and singular points for equation (5) .
The boundary value problem (5)-(6) is transformed into the following:
As it is known [6, 7] , the boundary value problem for the Coulomb spheroidal equation on the interval [1, ∞) appears in the quantum problem of two Coulomb centers (problem Z 1 eZ 2 ). In this problem, the boundary points are singular points of the differential equation. To solve it, we apply the Jaffe transformation y = (ξ − 1)/(ξ + 1). It transforms the domain of variable ξ into the inter-
Then the eigenfunction is represented in the form of a power series in the variable y. In our problem, we use transformation (7) to transfer the domain of the variable (−∞, ∞) → (−1, 1).
Let us solve the boundary value problem (8) - (9) separately on the intervals (−1, 0) and (0, +1) applying an analogue of the Jaffe transformation, and then requiring the resulting solutions to match smoothly at zero. We say that such transformation is the generalized Jaffe transformation. Note that, in order to obtain a real representation of F mk (t), it is necessary to allow both basic monomials:
As a result, we look for the eigenfunctions on each of the intervals in the following form:
1) for t ∈ [0, 1) :
2) for t ∈ (−1, 0] :
Our ansatz, in contrast to the Jaffe transformation [6] , contains not one, but four sets of coefficients. Coefficients in each of the sets f n and g n are related by similar five-term recurrence relations. For example, for f n we have: 
For coefficients g n , similar formulas hold, with the substitution a → −a. Both expansions (10) and (11) must be smoothly bound for t = 0. This means that not only the functions themselves, but also their first derivatives must be continuous at t = 0. The equality means that the sums of series on the right and on the left hand side must be equal. We do not require equality of the corresponding summands. Moreover, taking into account that the expressions (10) and (11) should be real, an additional constraint arises that only two of the four independent sets of coefficients remain.
The convergence of the series in (10) is determined by the position of the roots of the characteristic equation:
It can be shown that at n > n 0 , n 0 = 16a 2 /p 2 + 64m 2 two roots (13) lie inside the unit circle. They correspond to the correct sets of coefficients corresponding to the desired eigenfunction. Two more roots are located outside the unit circle. They correspond to a dominant solution (growing at t → ±1), which must be excluded from consideration.
In the series (10) the first term converges uniformly inside the circle C 1 , and the second oneinside C 2 (Fig. 1) . Both series can converge uniformly inside the domain C = C 1 ∩ C 2 and, hence, on the interval (−1, +1), which includes [0, +1). The series (11) converges similarly.
The implementation of the numerical procedure for calculating eigenvalues and eigenfunctions is similar to that described in the monograph [7] . Let us briefly explain it. Recurrent relation (12) for eigenvalues λ and two sets of coefficients can be represented in matrix notation, as follows:
Since for both sets considerations are very similar, we would work only with the first one. The precise condition for eigenvalues reads det A = 0 .
In practice, an infinite matrix A is truncated at some large but finite n = N. Then, to get rid off Birkhoff's exponentially growing solutions, we need to demand the following conditions:
N +2 = 0 .
Two recessive solutions for the set of f (1) are obtained from conditions:
The recessive general solution would be
with arbitrary constants K 1 and K 2 . Then we use the reverse recursion, and the convergence condition for it is as follows:
Coefficient f 1 can be found from the condition (9), while f 0 remains arbitrary. The graphs of some eigenfunctions are shown in Fig. 2 .
Concluding the section, we should note that the standard Jaffe expansion is a particular case of (10) or (11).
Power expansions of eigenfunctions
At a = 0, the initial-boundary problem (5), (6) acquires additional symmetry related to parity. The equation (5) becomes spheroidal with even and odd eigenfunctions. We expand them into power series. For even functions, one has:
and, for odd ones, Figure 2 : Eigenfunctions on the semi-axis X mk (ξ) (lines) and on the whole axis X mk (ξ) (dashes) for k = 2, m = 2. a) a = 0.1 , b) a = 1 .
The coefficients of both sets f j n (j = 1, 2) are related to each other by four-term recurrence relations:
For the even set {f 1 n } ∞ n=0 we have the following parameters: 
The characteristic equation for the recurrence relations (19) in the first order in n −1 is
All its roots are real and positive, with one l j 1 < 1, and the rest two lying outside the unit interval. Correspondingly, there are three sets of coefficients for the expansion of eigenfunctions. We take the set corresponding to l j 1 < 1. Determination of eigenfunctions goes analogously. Moreover, it is simpler, because we need to find only one set of coefficients. Note that f j 1 is fixed by (9), while f j 0 remains arbitrary.
Application of the results to the model of a quantum ring
Let us consider the model of a quantum ring of a spheroidal form with a potential well of finite depth U 0 (Fig. 3 ). There is a rotational symmetry against z-axis.
After separating the variables in the Schrödinger equation, we obtain two related boundary-value problems for a quasi-radial equation:
where C 1 and C 2 are constants, and p 2 = − |E|R 2 2 is an energy parameter. At the border ξ = ξ 0 , the eigenfunctions must be smoothly bound, so the following conditions must be satisfied: (7) and then use the expansion (10) at a = 0, or (17)-(18) in a general case.
Conclusion
We proposed a new representation for square integrable spheroidal functions as trigonometrical and power series. For the solution of this problem, particularly, the generalized Jaffe transform has been applied. This representation can also be used for the investigation of the spectra of spheroidal quantum rings and quantum dots.
A particular interest may be in applying the asymptotic methods of the type [8] for the approximation of the functions by ones of a simpler form.
